MAPS, SHEAVES, AND K3 SURFACES 
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Abstract. The conjectural equivalence of curve counting on Cal- 
abi-Yau 3-folds via stable maps and stable pairs is discussed. By 
considering Calabi-Yau 3-folds with A3 fibrations, the correspon- 
dence naturally connects curve and sheaf counting on A3 surfaces. 
New results and conjectures (with D. Maulik) about descendent 
integration on A"3 surfaces are announced. The recent proof of the 
Yau-Zaslow conjecture is surveyed . 



I. Counting curves 

1.1. Calabi-Yau 3-folds. A Calabi-Yau 3-fold is a nonsingular pro- 
jective varietjf] X of dimension 3 with trivial first Chern class 

A 3 T X = O x . 

Often the triviality of the fundamental group 

TTlpQ = 1 

is included in the definition. However, for our purposes, X need not 
be simply connected. 

1.2. Maps. Let C be a complete curve with at worst simple nodes as 
singularities. We do not require C to be connected. The arithmetic 
genus g of C is defined by the Riemann-Roch formula, 

X (C, O c ) = l- g. 

We view an algebraic map 

f:C^X 



1 Al\ varieties here are defined over C. 

1 
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which is not constant on any connected component of C as parameter- 
izing a sub curve of X. Let 

p = f*[C\eH 2 (x,z) 

be the homology class represented by /. Since / is nonconstant, (3 ^ 0. 
An automorphism of / is an automorphism of the domain 

e: C 

satisfying / o e = /. A map / is stable [33J if the automorphism group 
Aut(/) is finite. Infinite automorphisms can come only from contracted 
rational and elliptic irreducible components of C incident to too few 
nodes. 



Let M g (X,P)' denote the moduli space of stable maps^ from genus 
g curves to X representing the class (3. The moduli space M g (X, [3)* is 
a projective Deligne-Mumford stack [5], [161 [33] . Certainly, M g (X,f3)* 
may be singular, non-reduced, and disconnected. 

The most important structure carried by M g {X,(3)' is the obstruc- 
tion theory [21 HJ EE] governing deformations of maps. The Zariski 
tangent space at [/] G M g (X,{3)' has dimension 



dim c (T [f] ) = 3g-3 + h°(C, f*T 



x, 



The first term on the right corresponds to deformations of the complex 
structure of C and the second term to deformations of the map with 
C fixed! The obstruction space is 

Ob S[/] =H\C,f*T x ). 

Formally, we may view the moduli space M g (X,(3)* as being cut out 
by dim c (Obs[/j) equations in the tangent space. Hence, we expect the 



Usually M g {X,(3) denotes the moduli space of stable maps with connected do- 
mains. The bullet in our notation indicates the possibility of disconnected domains. 

3 We assume, for the given interpretation of terms, the domain C has no infini- 
tesimal automorphisms. 
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dimension of M g {X,(3) m to be 

dim^ ected (M g (X,/5)') = 3g-3 + h°(C,rT x )-h\C,rT x ) 

= 3g-3 + X {C,f*T x ) 

= 3g-3+ [ Cl (T x )+mnk c (T x ){l-g) 
Jc 

= 0. 

The third line is by Riemann-Roch. The Calabi-Yau 3-fold condition 
is imposed in the fourth line. 

Since all curves in Calabi-Yau 3-folds are expected to move in 0- 
dimensional families, we can hope to count them. While M g (X,/3)* 
may have large positive dimensional components, the obstruction the- 
ory provides a virtual class 

\M g {x^)T r eHo(M g (x,(3),q) 

in exactly the expected dimension. 

Gromov-Witten theory is the curve counting defined via integration 
against the virtual class of M g (X, (3)'. The Gromov-Witten invariants 
of X are 

= L 1 e Q. 

J[M g (X,f3)'] vir 

For fixed nonzero /3 e H2 (X, Z) , let 

9 

be the partition function^ Since M g (X,/3)' is empty for g sufficient 
negative, Z GW ^(u) is a Laurent series. 

The Gromov-Witten invariants N* ^ should be viewed as regular- 
ized curve counts. The integrals N° p are symplectic invariants. A 
natural idea is to relate the Gromov-Witten invariants to strict sym- 
plecting curve counts after perturbing the almost complex structure J. 
However, analytic difficulties arise. A complete understanding of the 
symplectic geometry here has not yet been obtained. 

4 Sometimes 7.Q^/p{u) as defined here is called the reduced partition function since 
the constant map contribution are absent. The constant contributions, calculated 
in [13], will not arise in our discussion. 
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1.3. Sheaves. We may also approach curve counting in a Calabi-Yau 
3- fold X via a gauge/sheaf theoretic approach [52l l53l 154]. 

We would like to construct a moduli space parameterizing divisors 
on curves in X. If the sub curve 

i : C C X 

is nonsingular, a divisor determines a line bundle L — > C together with 
a section s G H°(C, L). The associated torsion sheaf 

l*{L) = F 

on X has 1-dimensional support and section s G H°(X,F). However, 
for a compact moduli space, we must allow the support curve C to 
acquire singularities and nonreduced structure. The line bundle L must 
also be allowed to degenerate. 

A pair (F, s) consists of a sheaf F on X supported in dimension 1 
together with a section s G H°(X, F). A pair (F, s) is stable if 

(i) the sheaf F is pure, 

(ii) the section Ox — ► has O-dimensional cokernel. 

Purity here simply means every nonzero subsheaf of F has support of 
dimension 1. As a consequence, the scheme theoretic support C C X 
of F is a Cohen-Macaulay curve. The support of the cokernel (ii) is a 
finite length subscheme Z C C. If the support C is nonsingular, then 
the stable pair (F, s) is uniquely determined by Z C C. However, for 
general C, the subscheme Z does not determine F and s. 

The discrete invariants of a stable pair are the holomorphic Euler 
characteristic x{F) ^ an d the classj [F] G H2(X,Ti). The moduli 
space P n (X,(3) parameterizes stable pairs satisfying 

X (F) = n, [F]=p. 

After appropriate choices |52j . pair stability coincides with stability 
arising from geometric invariant theory [35J. The moduli space P n (X, (3) 
is a therefore a projective scheme. 

5 [F] is the sum of the classes of the irreducible 1-dimcnsional curves on which F 
is supported weighted by the generic length of F on the curve. 
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To define invariants, a virtual cycle is required. The usual deforma- 
tion theory of pairs is problematic, but the fixed-determinant deforma- 
tion theor}^ of the associated complex in the derived category 

/• = {O x Af}e D\X) 

is shown in (25J E2] to define a perfect obstruction theory for P n (X, (3) 
of virtual dimension zero. A virtual cycle is then obtained by 
The resulting regularized counts are 



Let 



l e z. 

[P„(X,/3)] vlr 



be the partition function. Since P n (X,/3) is empty for n sufficient 
negative, Zp t p(q) is a Laurent series. 

The Gromov-Witten invariants N' ^ are Q-valued since M g (X,f3)' 
is a Deligne-Mumford stack, but the stable pairs invariants P n $ are 
Z-valued since P n (X,/3) is a scheme. 

2. Correspondence 

2.1. Two counts. We have seen there are at least two regularized 
counting strategies for curves in Calabi-Yau 3-folds. While the Gromov- 
Witten approach may appear closer to a pure enumerative invariant 
since no auxiliary line bundles play a role, in fact the two theories are 
equivalent! 

Conjecture 1. For all Calabi-Yau 3-folds X and nonzero curve classes 
(3eH 2 (X,Z), 

Z G wA u ) = Zp,p{l) 
after the variable change —e lu = q. 



Every fixed-determinant deformation of the complex (to any order) is quasi- 
isomorphic to a complex arising from a flat deformation of a stable pair [52 . How- 
ever, the obstruction theory obtained from derived category deformations differs 
from the classical deformation theory of pairs. 
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Actually, the variable change — e lu = q is not a priori well-defined 
for Laurent series. The issue is addressed by the following rationality 
property. 

Conjecture 2. For all Calabi-Yau 3-folds X and nonzero curve classes 
(3 G H%{X^ r £), the series Zp )i a(g) is the Laurent expansion of a rational 
function invariant under q 1/q. 

In rigid cases, Conjecture [1] implies the contributions of multiple 
covers in Gromov-Witten theory exactly match the contributions of 
the divisor choices on thickened curves in the theory of stable pairs. In 
geometries with moving curves, the meaning of Conjecture [1] is more 
subtle. 

2.2. Other counts. There are other geometric approaches to curve 
counting on Calabi-Yau 3-folds. On the map side, a new theory of 
stability has been very recently put forward by B. Kim, A. Kresch, 
and Y.-G. Oh [29] generalizing the well-known theory of admissible 
covers for dimension 1 targets. On the sheaf side, the older Donaldson- 
Thomas theory of ideal sheaf counts [T2l [56] is very natural to pursue. 

While Conjectures [T]and [2] as stated above are from [52], the relation 
between Gromov-Witten theory and sheaf counting was first discovered 
in the context of Donaldson-Thomas theory in [I2l H3] . Stable pairs 
appear to be the closest sheaf enumeration to Gromov-Witten theory. 
The precise relationship of [29] to the other theories has yet to be 
discovered, but an equivalence almost surely holds. 

2.3. Evidence. There are three interesting directions which provide 
evidence for Conjectures [1] and [2j 

The first is the study of local Calabi-Yau toric surfaces!^ Both the 
Gromov-Witten and pairs invariants can be calculated by the virtual 
localization formula |22j. On the Gromov-Witten side, the topological 
vertex of [U HO] evaluates the localization formula. On the stable pairs 

'A local Calabi-Yau toric surface is the total space of the canonical bundle of 
any nonsingular, projective, toric Fano surface. 
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side, the evaluation is given by box counting [53]. Conjectures 1 and 2 
hold! However, the torie e*a m ple 8 are neceswUy non-compact. The 
relevance of toric calculations to compact Calabi-Yau 3-folds is not 
clear. 

The second direction is progress towards a geometric proof of Con- 
jecture 2. The obstruction theory for P n (X,j3) is self-dualfj By results 
of K. Behrend [3], there exists a constructable function 

X B :P n (X,/3)-Z. 

with integral equal to the pairs invariant, 

Pn(X,/3) 

If P n (X,P) is nonsingular, then \ B = (-l) dim c( p ™P^)) j s constant and 

Pn,p = (-lf mc{P " ix ^h top (P n (X,(3)). 
In [53] , properties of \ B together with an essential application of Serre 



duality imply Conjecture 2 for irreducibleE!] curves classes j3 E H 2 (X, (3). 
In remarkable recent work of Y. Toda [57], using variants of Bridge- 
land's stability conditions, wall-crossing formulas, and Serre duality, 
the rationality of the closely related series 



Z p,/3^) = E^o P (^(X,/3))g^ 



raeZ 



8 In the forthcoming paper [33] , the most general local Calabi-Yau toric geometry 
involving the 3- leg vertex is analysed for the Gromov-Witten/Donaldson-Thomas 
correspondence. It is likely the same path of argument will apply to stable pairs 
theory also. 

9 The obstruction theory is equipped with a pairing identifying the tangent space 
with the dual of the obstruction space [3] . 
10 The integral is defined by 

x fl = £«. Xtop (( X *rv)) 

where Xtop on the right is the usual Euler characteristic. 

11 A class (3 is irreducible if all 1-dimensional subschemes representing (3 are 
reduced and irreducible. 
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has been proven for all nonzero classes (3 G i?2(A, A proper inclu- 
sion of x B into Toda's argument should soon lead to a complete proof 
of Conjecture 2. 

The third direction, curve counting on K3 surfaces, will be discussed 
in Sections [3] and HI The topic contains a mix of classical and quantum 
geometry. While there has been recent progress, many beautiful open 
questions remain. 

3. Curve counting on K3 surfaces 
3.1. Reduced virtual class. Let S be a K3 surface, and let 

(3 G Pic(S) = H^iS, C) n H 2 {S, Z) 
be an nonzero effective curve classic By the virtual dimension formula, 
dim^ ected (M g (S,0)') = 3g-3 + x(CJ*T s ) 

= 3(/- 3 + 2(1-0) 
= 9-1- 

Let [/] G M g (S,j3)' be a stable map. There is canonical surjection 

(1) Obs [/] -> C -> 
obtained from the the composition 

H\CJ*T S ) = H\CJ*n s ) % H\C,u c ) = C, 
where the first isomorphism uses 

A 2 T S = O s . 

The trivial quotient (PQ) forces the vanishing of [M g (S, (3)*] mr . However, 
the obstruction theory can be modified to reduce the obstruction space 
to the kernel of (CQ). A reduced virtual class 

(2) [M g (S } P)T d e H 2g (M g (S,py,Q), 

in dimension 1 greater than expected, is therefore defined. 



12 By Poincare duality, there is a canonical isomorphism H2(S,Z) = H 2 (S,1,), 
so we may view curves classes as taking values in either theory. 
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By constructing trivial quotients of Obs[/j for each connected com- 
ponent of the domain, the reduced virtual class ([2j) is easily seen to be 
supported on the locus of curves with connected domains. Hence, we 
need only consider 

M g (S,P)cM g (S,py. 

We can also consider stable maps from r-pointed curves. The pointed 
moduli space M g ^ r (S, /3) has a reduced virtual class of dimension g + r. 

3.2. Descendents. The reduced Gromov-Witten theory of S is de- 
fined via integration against [M gjr (S, P)] red . Let 

ev,:M 9ir (S,/5)^S, 

Li — > Mg tr (S, (3) 

denote the evaluation maps and cotangent lines bundles associated to 
the r marked points. Let 71, . . . , 7 m be a basis of H*(S, Q), and let 

1> i = c 1 (L i )eM gtr (S,p). 

The descendent fields, denoted in the brackets by Tki'jj), correspond to 
the classes ipf U ev*^) on the moduli space of maps. Let 

(3) (rM ■ ■ ■ r kr (l lr )) red R = [_ ft ^ U 

denote the descendent Gromov-Witten invariants. Of course (j3j) van- 
ishes if the integrand does not match the dimension of the reduced 
virtual class. 

The reduced Gromov-Witten theory is invariant under deformations 
of S which preserve (3 as an algebraic class. A standard argument^ 
shows the invariant (j3J) depends only on the norm 

(P,P)= [ pup 

and the divisibility of P e H 2 (S, Z). 

13 The group of isometries of the K2> lattice U 3 © Eg(— l) 2 acts transitively on 
elements with fixed norm and divisibility. The dependence of the reduced Gromov- 
Witten on only the norm and divisibility then follows from the global Torelli The- 
orem. See [5] for a slightly different point of view on the same result. 
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Let us now specialize, for the remainder of Section 13.21 , to an ellip- 
tically fibered K3 surface 

v : S -> P 1 

with a section. We assume the section and fiber classes 

s,f e H 2 (S, Z) 

span Pic(S'). The cone of effective curve classes is 

V = {ms + nf | m > 0, n > 0, (m, n) 7^ (0, 0) }. 

Since the norm of ds + dkf is 2d 2 (k — 1), effective classes with all divis- 
ibilities d > 1 and norms at least — 2d 2 can be found on S. Elementary 
arguments show the integrals ([3]) vanish in all other cases0 

A natural descendent potential function for the reduced theory of 
K3 surfaces is defined by 

00 , 
F£ m K(7h) " • -T hr { llr )) = (^(ih) ■ ■■r kr {lir)) re q m{n - m) 

\ I q ms+nf 

n=0 

for g > and m > 1. The following Conjecture is made jointly with 
D. Maulik [H]. 

Conjecture 3. ^g m \Jki{lh) ' ' ' T k r {lir)) ^ s ^ e Fourier expansion in q 

of a quasi-modular form of level m 2 with pole at q = of order at most 

2 

m . 

By the ring of quasi-modular forms of level m 2 with possible poles 
at q = 0, we mean the algebra generated by the Eisenstein series^j E2 
over the ring of modular forms of level m 2 . We have been able to prove 



14 See, for example, Lemma 2 of |47j . 

15 The Eisenstein series E 2 k is the modular form defined by the equation 
"IF E 2k {q) = -— + ^cj 2k ^{n)q , 

n>l 

where B 2n is the 2n th Bernoulli number and a n (k) is the sum of the k th powers of 
the divisors of n, 

a k (n) = ^2i k - 

z\n 
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Conjecture 3 in the primitive case m = 1 by relations in the moduli of 
curves [14] . degeneration methods [45], and the elliptic curve results of 
[4"9l [50] I5T] . The m > 1 case appears to require new techniques. 

Let [p] e H 4 (S, Z) denote the Poincare dual of a point. The simplest 
of the K3 series is the count of genus g curves passing through g points, 

calculated^ by J. Bryan and C. Leung |!) . Here 

oo 

77(g) =q^Y[(l-q n ) 

n=l 

is Dedekind's function. Similar calculations in genus 1 for m = 2 have 
been done in [57] . 

3.3. A 9 integrals for K3 surfaces. A connection to the enumerative 
geometry of Calabi-Yau 3-folds holds for special integrals in the reduced 
Gromov-Witten theory of K3 surfaces. Let 

(4) Rgj, = [_ (-1)% 

for effective curve classes (3 G H 2 (S,Z). Here, the integrand X g is the 
top Chern class of the Hodge bundle 

E g -+M g (S,/3) 

with fiber H (C,uc) over moduli point 

[f:C^S]eM g (S,i3). 

See [131 E2] for a discussion of Hodge classes in Gromov-Witten theory. 
The integrals (00) arise from the following 3-fold geometry. Let 

vr : X -> P 1 

be a fT3-fibered Calabi-Yau 3-fold with 

l:S^ 7r -1 (0) C X. 

16 Our indexing conventions differ slightly from those adopted in [}J]. 
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Assume further the family of K3 surfaces determined by X is transverse 
to the Noether-Lefschetz divisor in the moduli of K3 surface along 
which (3 is an algebraic class. Then, the moduli space 

M g (S,(3)cM g (X, 

is a connected component. The integral (jlj) is precisely the contribution 
of M g (S,/3) to the Gromov-Witten theory of X [47J. The discussion 
here may be viewed as an algebraic analogue of the twistor construction 
of 0. 

The definition of the BPS counts^ associated to the Hodge integrals 
(jlj) is straightforward. Let a G Pic(S') be a effective primitive class 
The Gromov-Witten potential F a (u,v) for classes proportional to a is 

oo oo 

F a ^ ^ ^ ^ Rg,ma U ^ V 
g=0 m=0 

The BPS counts r g)Tna are uniquely defined by the following equation: 

3=0 m=0 d>0 \ I / 

We have defined BPS counts for both primitive and divisible classes. 

The string theoretic calculations of S. Katz, A. Klemm and C. Vafa 
[27] via heterotic duality yield two conjectures. 

Conjecture 4. The BPS count r g ^ defends upon (3 only through the 
norm (/3, (3) . 

Assuming the validity of Conjecture IU let r g ^ h denote the BPS count 
associated to a class (3 satisfying 

(P,P) = 2h-2. 

Conjecture H] is rather surprising from the point of view of Gromov- 
Witten theory. The invariants R g ^ depend a priori upon both the 
norm and the divisibility of (3. 

17 BPS state counts can be extracted from Gromov-Witten theory via [2"U1 121) . 
The counts r g ^ are conjecturally integers. 
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Conjecture 5. The BPS counts r 9t h are uniquely determined by the 
following equation: 



oo oo ^ ■ ^ 

5Z(- 1 )%^(V^--^) 2 V = II (l_ g n)20( 1 _ zg n)2( 1 _ 2 -l ( 
g=0 h=0 V n=l V 1 / \ * I \ 

As a consequence of Conjecture 5, r g ^ vanishes if g > h and 

r S;S = (-1)^ + 1). 



,n^2 ' 



The first values are tabulated below: 





h = 1 


2 


3 


4 


g = 


1 24 


324 


3200 


25650 


1 


-2 


-54 


-800 


-8550 


2 




3 


88 


1401 


3 






-4 


-126 


4 








5 



Conjectures 0] and [5] provide a complete solution for X g integrals in 
the reduced Gromov-Witten theory of K3 surfaces. The answer is 
compatible with Conjecture 3 as expected since Hodge integrals may 
be expressed in terms of descendent integrals 



3.4. Stable pairs on K3 surfaces. Let S be a K3 surface with an 
irreducible class (3 G H 2 (S,Z) satisfying 

<j3,/3) = 2h-2, 

and let P n (S,h) denote the associated moduli space of pairs on S. 
Consider again the i^3-fibered Calabi-Yau 3-fold 

A deformation argument in [51] proves 

(5) P n (S,h)cP n (X,L.P) 

is a connected component of the moduli space of stable pairs of X. 
Moreover, P n (S, h) is a nonsingular projective variety [281 154"] of di- 
mension n + 2h — 1 . 
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Let Qp be the cotangent bundle of the moduli space P n (S, h). The 
self-dual obstruction theory on P n (S, h) induced from the inclusion (111) 
has obstruction bundle Qp. Hence, the contribution of P n (S, h) to the 
stable pairs invariants of X is 

Zp,/,(y) = V) / c n+2h -i(n P ) y n 

n JP n {S,h) 

= J2(- 1 T +2h ~ 1 < p n(S,h))y n . 

n 

Here, we have written the stable pairs partition function in the variable 
y instead of the traditional q since the latter will be reserved for the 
Fourier expansions of modular forms ^ 

Fortunately, the topological Euler characteristics of P n (S,h) have 
been calculated by T. Kawai and K. Yoshioka. By Theorem 5.80 of 

EH, 



oo oo 



£ e(P n (S,h))y n q h 

h=0 n=l-h 

—2 oo 



-q n ) 20 (l-yq n ) 2 {l-y- 1 q n ) 2 
For our pairs invariants, we require the signed Euler characteristics, 

oo oo oo 

£z*(y) / = EE {-l) n + 2h - l e{P n {S,h)) y n q h . 



h=0 h=0 n=l-h 

Therefore, Y^h^o ^Phiv) Q h ec l ua l s 

-2 oo 



1 



-y 



II it 



-yj ^(i-^rii + ^rii+^Y 



3.5. Correspondence. We are now in a position to check whether 
the Katz-Klemm-Vafa predictions for the X g integrals in the reduced 
Gromov-Witten theory of S are compatible with the above stable pairs 
calculations via the maps/pairs correspondence of Conjecture 1. 



18 The conflicting uses of q seem impossible to avoid. The possibilities for confu- 
sion are great. 
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In the j3 irreducible case, the Gromov-Witten partition function takes 
the form 

oo oo oo / • / 2 9~ 2 

h=0 3=0 h=0 \ / / 

Afte substituting — e tu = y, we find 

I \ 29-2 



OO OO OO , -.x — l 

n n n \ V " / 



h=0 g=0 /i=0 

By Conjecture El Y.hLo Z GW,h(y) <? h equals 

—2 00 

1 \ 

"1/ 



1 

^ 11 (l-g-)20(l +2/g n)2( 1+ ^y t) 



ra=l 

which is Z^(y) g h . 

The maps/pairs correspondence of Conjecture 1 therefore works per- 
fectly assuming the Katz-Klemm-Vafa prediction for the reduced Gro- 
mov-Witten theory. But can the Katz-Klemm-Vafa prediction for sta- 
ble maps be proven? The answer is yes in genus 0. The proof is our 
last topic. 

4. The Yau-Zaslow conjecture 

4.1. Genus 0. The genus parts of Conjectures H] and [5] for K3 sur- 
faces were predicted earlier by S.-T. Yau and E. Zaslow 



Conjecture 4'. The BPS count r 0)/ 3 depends upon (3 only through the 
norm (3). 

Let ro m h denote the genus BPS count associated to a class f3 of 
divisibility m satisfying 

(P,P) = 2h-2. 
Assuming Conjecture 4' holds, we define 

r 0,h — r 0,m,h 

independent^ of m. 



19 Independence of m holds when 2m 2 divides 2h — 2. Otherwise, no such class 
(3 exists and ro, m ,/i is defined to vanish. 
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Conjecture 5'. The BPS counts r 0j h are uniquely determined by 

oo 

(6) Ero^^na-o- 24 - 

h>0 n=l 

A mathematical derivation of the Yau-Zaslow conjectures for prim- 
itive classes (3 via Euler characteristics of compactified Jacobians fol- 
lowing (59] can be found in [6l|10l[T5]. The Yau-Zaslow formula ([6]) was 
proven via Gromov-Witten theory for primitive classes (3 by J. Bryan 
and C. Leung |9]. An early calculation by A. Gathmann [19] for a class 
(3 of divisibility 2 was important for the correct formulation of the con- 
jectures. Conjectures 4' and 5' have been proven in the divisibility 2 
case by J. Lee and C. Leung [36] and B. Wu [58J. 

The main result of the paper [32J with A. Klemm, D. Maulik, and 
E. Scheidegger is a proof of Conjectures 4' and 5' in all cases. 

Theorem 1. The Yau-Zaslow conjectures hold for all nonzero effective 
classes [3 G Pic(S') on a K3 surface S. 

The proof, using the connection to Noether-Lefschetz theory [47J, 
mirror symmetry, and modular form identities, is surveyed in Sections 
IP] -[431 

4.2. Noether-Lefschetz theory. 

4.2.1. K3 lattice. Let S be a K3 surface. The second cohomology of 
S is a rank 22 lattice with intersection form 

(7) H 2 (S,Z) = [/©[/©[/© £ 8 (-l) ©£ 8 (-l) 



where 
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and 



E 8 (-l) 



( "2 


1 









V o 





1 








1 



-2 

1 










1 
1 

-2 

1 











1 

-2 
1 










1 

-2 
1 










1 



\ 







1 

-2/ 



is the (negative) Cartan matrix. The intersection form ([7]) is even. 

4.2.2. Lattice 'polarization. A primitive^ class L £ Pic(S') is a quasi- 
polarization if 

(L,L)>0 and (L, [C]) > 

for every curve C C S. A sufficiently high tensor power L n of a quasi- 
polarization is base point free and determines a birational morphism 

S 

contracting A-D-E configurations of (— 2)-curves on S. Hence, every 
quasi-polarized K3 surface is algebraic. 

Let A be a fixed rank r primitivj^l embedding 

AcU ®U ®U ® E 8 (-l) © E 8 (-l) 

with signature (l,r — 1), and let V\, . . . , v r £ A be an integral basis. 
The discriminant is 

/(vi,vi) ■■■ 
A(A) = det I : 

\(Vr,Vi) ■■■ 

The sign is chosen so A (A) > 0. 

A A-polarization of a K3 surface S is a primitive embedding 




j : A - Pic(S) 



satisfying two properties: 



20 A class in H 2 (S,7L) of divisibility 1 is primitive. 

21 An embedding of lattices is primitive if the quotient is torsion free. 



18 R. PANDHARIPANDE 

(i) the lattice pairs A C U 3 © E 8 (-l) 2 and A C H 2 (S,Z) are 
isomorphic via an isometry which restricts to the identity on A, 

(ii) Im(j) contains a quasi-polarization. 

By (ii), every A-polarized K3 surface is algebraic. 

The period domain M of Hodge structures of type (1, 20, 1) on the 
lattice U 3 © E 8 (— l) 2 is an analytic open set of the 20-dimensional 
nonsingular isotropic quadric Q, 

McQc F((U 3 © E 8 (-l) 2 ) ® z C). 

Let Ma C M be the locus of vectors orthogonal to the entire sublattice 
Act/ 3 ® E s (-1) 2 . 

Let T be the isometry group of the lattice U 3 © E 8 (— l) 2 , and let 

r A cr 

be the subgroup restricting to the identity on A. By global Torelli, the 
moduli space M.\ of A-polarized K3 surfaces is the quotient 

M A = M A /r A . 

We refer the reader to pj] for a detailed discussion. 

4.2.3. Families. Let X be a compact 3-dimensional complex manifold 
equipped with holomorphic line bundles 

Li, . . . , L r — > X 

and a holomorphic map 

7T : X -> C 

to a nonsingular complete curve. 

The tuple (X, Li, . . . , L r , 7r) is a 1 -parameter family of nonsingular 
A-polarized K3 surfaces if 

(i) the fibers (X^, L^, . . . , L r ^) are A-polarized K3 surfaces via 
for every (gC, 

(ii) there exists a X w G A which is a quasi-polarization of all fibers 
of 7r simultaneously. 
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The family tt yields a morphism, 

i n : C -> M A , 

to the moduli space of A-polarized K3 surfaces. 

Let A 71 " = \*Vi + - ■ -+\yV r . A vector (di, . . . , d r ) of integers is positive 

if 

r 
i=l 

If /3 G Pic(X^) has intersection numbers 

then /3 has positive degree with respect to the quasi-polarization if and 
only if (g?i, . . . , d r ) is positive. 

4.2.4. Noether-Lefschetz divisors. Noether-Lefschetz numbers are de- 
fined in |47J by the intersection of L n (C) with Noether-Lefschetz divi- 
sors in M.\. We briefly review the definition of the Noether-Lefschetz 
divisors. 

Let (L, l) be a rank r + 1 lattice L with an even symmetric bilinear 
form (, ) and a primitive embedding 

L : A -y L. 

Two data sets (L, l) and (L', l') are isomorphic if there is an isometry 
which restricts to identity on A. The first invariant of the data (L, t) 
is the discriminant A 6 Z of L. 

An additional invariant of (L, l) can be obtained by considering any 
vector v G L for which 

(8) L = i(A) © Zv. 

The pairing 

(v, •) : A -»• Z 

determines an element of 5^ G A*. Let G = A* /A be quotient defined 
via the injection A — > A* obtained from the pairing (,) on A. The 
group G is abelian of order equal to the discriminant A (A). The image 

5 G G/± 
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of 5 V is easily seen to be independent of v satisfying (jHJ). The invariant 
5 is the coset of (L, t) 

By elementary arguments, two data sets (L, t) and (L', </) of rank 
r + 1 are isomorphic if and only if the discriminants and cosets are 
equal. 

Let v i, . . . , v r be an integral basis of A as before. The pairing of L 
with respect to an extended basis Vi, . . . , v r , v is encoded in the matrix 



^•h,dl,...,dr 



(Vr,Vl) 



{v u v r ) d x \ 

(v r ,v r ) d r 
d r 2/i-2/ 



The discriminant is 

A(h, di,..., d r ) = (-l) r det(L Mli ... idr ). 
The coset 8(h, d±, . . . , d r ) is represented by the functional 

Vi h-> di. 

The Noether-Lefschetz divisor Pa,5 C Ai\ is the closure of the locus 
of A-polarized K3 surfaces S for which (Pic(S'), j) has rank r + 1, 
discriminant A, and coset 5. By the Hodge index theorem, Pa,5 is 
empty unless A > 0. 

Let h, di, . . . , d r determine a positive discriminant 

A(h, di,..., d r ) > 0. 

The Noether-Lefschetz divisor I?/ l) (d 1 ,... ) d r ) C TWa is defined by the 
weighted sum 

D h ,(di,...,dr) = J~]m(h,di, . . .,d r \A,8) ■ [P A ,s] 

A,S 

where the multiplicity m(h, d±, . . . , d r \ A, 5) is the number of elements 
P of the lattice (L, l) of type (A, 6) satisfying 

(9) <J3,P) =2h-2, (P,Vi) = di. 

If the multiplicity is nonzero, then A\A(h, d±, . . . , d r ) so only finitely 
many divisors appear in the above sum. 
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If A(h,di, . . . ,d r ) = 0, the divisor D h ^ dl ^ has an alternate def- 
inition. The tautological line bundle O(-l) is T-equivariant on the 
period domain M\ and descends to the Hodge line bundle 



A- 



We define D^di,...,^) — fc* ■ See [U] for an alternate view of degenerate 
intersection. 

If A(h, d±, . . . , d r ) < 0, the divisor I\(di,...,d r ) on .Ma is defined to 
vanish by the Hodge index theorem. 

4.2.5. Noether-Lefschetz numbers. Let A be a lattice of discriminant 
/ = A (A), and let (X, Li, . . . , L r , ir) be a 1-parameter family of A- 
polarized K3 surfaces. The Noether-Lefschetz number A/X£ d dr is 
the classical intersection product 



(10) ... = / il\D Udl _ dr) }. 

Jc 

Let Mp 2 (Z) be the metaplectic double cover of SLiffi)- There is a 
canonical representation [7] associated to A, 

p\ : Mp 2 (Z) - End(C[G]). 

The full set of Noether-Lefschetz numbers NL^ dl dr defines a vector 
valued modular form 

r( 9 ) = ^$;( ? KGC[[^]]®c[G], 

of weight ^rp 1 and type p* A by result^ of Borcherds and Kudla^Millson 

of the 



[7J El]. The Noether-Lefschetz numbers are the coefficient! 
components of 

A(h, di, . . . ,d r 



2:i 



NLi (dl _ dr) = 



21 

where 5(h,d\, . . . ,d r ) = ±7. The modular form results significantly 
constrain the Noether-Lefschetz numbers. 



22 While the results of the papers pJOH] have considerable overlap, we will follow 
the point of view of Borcherds. 

23 If / is a series in q, f[k] denotes the coefficient of q k . 
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4.2.6. Refinements. If d±, . . . , d r do not simultaneously vanish, refined 
Noether-Lefschetz divisors are defined. If A(h, di, . . . , d r ) > 0, 

-Dm,/t,(di,...,d r ) C D^{di,...,dr) 

is defined by requiring the class (3 G Pic (5) to satisfy (Q and have 
divisibility m > 0. If A(h, di, . . . , d r ) = 0, then 

,(di,...,dr) 

if m > is the greatest common divisor of di, . . . , d r and otherwise. 
Refined Noether-Lefschetz numbers are defined by 



(11) NL m,hJdi,-,dr) - / C[ D m,h,{dl,-,dr)]- 

JC 

The full set of Noether-Lefschetz numbers NL^ , di is easily shown 
in [32] to determine the refined numbers NL^ h , di d %. 

4.3. Three theories. The main geometric idea in the proof of Theo- 
rem 1 is the relationship of three theories associated to a 1-parameter 
family 

7T : X -> C 

of A-polarized i^3 surfaces: 

(i) the Noether-Lefschetz numbers of 7r, 

(ii) the genus Gromov-Witten invariants of X, 

(iii) the genus reduced Gromov-Witten invariants of the K3 fibers. 

The Noether-Lefschetz numbers (i) are classical intersection products 
while the Gromov-Witten invariants (ii)-(iii) are quantum in origin. 
For (ii), we view the theory in terms the Gopakumar-Vafa invariants 



Let 71q , di d denote the Gopakumar-Vafa invariant of X in genus 
for 7T- vertical curve classes of degrees d\, . . . , d r with respect to the line 
bundles L±, . . . , L r . Let rn m ,h denote the reduced K3 invariant. The 
following result is proven_j in [47] by a comparison of the reduced and 
usual deformation theories of maps of curves to the K3 fibers of 7T. 



24 The result of the [37] is stated in the rank r = 1 case, but the argument is 
identical for arbitrary r. 
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Theorem 2. For degrees (di, . . . , d r ) positive with respect to the quasi- 
polarization X n , 

oo oo 

n 0,(di,...,dr) = ^2 r °' m ' /l ' ^^m,h,(dl,-,dr)- 
h=0 m=l 



4.4. The STU model. The STU mo is a particular nonsingular 
projective Calabi-Yau 3-fold X equipped with a fibration 

(12) ir:X^F\ 

Except for 528 points ( GP 1 , the fibers 

are nonsingular elliptically fibered K3 surfaces. The 528 singular fibers 
X% have exactly 1 ordinary double point singularity each. 

The 3-fold X is constructed as a nonsingular anticanonical section 
of the nonsingular projective toric 4-fold Y defined by 10 rays with 
primitives 

p 1 = (1,0,2,3) p 2 = (-1,0,2,3) 

p 3 = (0,l,2,3) p 4 = (0,-l,2,3) 

p 5 = (0, 0, 2, 3) p 6 = (0, 0, -1, 0) p 7 = (0, 0, 0, -1) 

p 8 = (0, 0, 1, 2) p 9 = (0, 0, 0, 1) p 10 = (0, 0, 1, 1). 



The Picard rank of Y is 6. The fibration ([12]) is obtained from a 
nonsingular toric fibration 

tt y : Y -> P 1 . 

The image of 

Pic(F) -> Pic(X 5 ) 

determines a rank 2 sublattice of each fiber Pic(X^) with intersection 
form 

( 1 
A=f 1 



25 The model has been studied in physics since the 80's. The letter S stands for 
the dilaton and T and U label the torus moduli in the heterotic string. The STU 
model was an important example for the duality between type IIA and heterotic 
strings formulated in and has been intensively studied [221 [301 [EJ IS] • 
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Let Li,L 2 — > X denote line bundles which span the standard basis of 
the form A after restriction. 

Strictly speaking, the tuple (X, L 1; L 2 , vr) is not a 1-parameter family 
of A-polarized K3 surfaces. The only failing is the 528 singular fibers 
of 7T. Let 

e:C " P 1 

be a hyperelliptic curve branched over the 528 points of P 1 correspond- 
ing to the singular fibers of n. The family 

e*(X) -> C 

has 3-fold double point singularities over the 528 nodes of the fibers of 
the original family. Let 

7T : X -> C 
be obtained from a small resolution 

X -> e*(X). 

Let Li —>■ X be the pull-back of Lj by e. The data 

(X , Li, L 2 ,-k) 

determine a 1-parameter family of A-polarized K3 surfaces, see Section 
5.3 of \£7\. The simultaneous quasi-polarization is obtained from the 
projectivity of X. 

4.5. Proof of Theorem [TJ, Theorem [1] is proven in [32J by studying 
Theorem 2 applied to the STU model. There are four basic steps: 

(i) The modular form [7J [3l] determining the intersections of the 
base curve with the Noether-Lefschetz divisors is calculated. 
For the STU model, the modular form has vector dimension 1 
and is proportional to the product E^Eq of Eisenstein series. 

(ii) Theorem [2] is used to show the 3-fold BPS counts Ji{w rfl d2 \ then 
determine all the reduced K3 invariants r , mi h- Strong use is 
made of the rank 2 lattice of the STU model. 
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(iii) The BPS counts n*, di d ^ are calculated via mirror symmetry. 
Since the STU model is realized as a Calabi-Yau complete in- 
tersection in a nonsingular toric variety, the genus Gromov- 
Witten invariants are obtained after proven mirror transfor- 
mations from hypergeometric series (TTJ [THl EH] • The Klemm- 
Lerche-Mayr identity, proven in [32], shows the invariants n^, di d 
are themselves related to modular forms. 

(iv) Theorem [1] then follows from the Harvey-Moore identity which 
simultaneously relates the modular structures of 

n o^(di,d 2 )' r o,m,hi and NL 7 ^^^^ 
in the form specified by Theorem [2j 
The Harvey-Moore identity of part (iv) is simple to state. Let 

where q = exp(27rzr). Then, 

J(ri)-J(r 2 ) gi -q 2 ^ 

Equation ffTBl was conjectured in [23] and proven by D. Zagier — the 
proof is presented in Section 4 of [32J. 

The strategy of the proof of the Yau-Zaslow conjectures is special to 
genus 0. Much less is known in higher genus. For genus 1, the Katz- 
Klemm-Vafa conjectures follow for all classes on K3 surfaces from the 
Yau-Zaslow conjectures via the boundary relation for Ai in the moduli 
of elliptic curves. In genus 2 and 3, A. Pixton [55] has proven the Katz- 
Klemm-Vafa formula for primitive classes using boundary relations for 
A2 and A3 on M 2 and M 3 respectively. New ideas will be required for 
a complete proof of Conjectures 4 and 5. 
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